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Abstract

In this paper, an algebraic and a differential star product defined on a regular
coadjoint orbit of a compact semisimple group are compared. It has been
proved that there is an injective algebra homomorphism between the algebra
of polynomials with the algebraic star product and the algebra of differential
functions with the differential star product structure.

PACS numbers: 02.20.Sv, 02.20.Tw, 02.40.—k

1. Introduction

The problem of classification of differential star products on a general Poisson manifold was
solved in [1]. The existence of star products on symplectic manifolds was already proved in
[2, 3] and, using a different technique, a construction of a star product and a classification of
all star products on a symplectic manifold were given in [4, 5]. For other special cases, as for
regular manifolds, a proof of existence of tangential star products was known (see [6]).

To motivate our discussion, let us consider the Heisenberg group H = R*® with
multiplication

(a1, b1, c1) - (a2, by, c2) = (a1 +az, by + ba, ¢ + 2 + arby).
Its Lie algebra is h = R® = span{Q, P, E' = —iE} with commutation rules
[Q, P]=—iE (the rest trivial).
* Investigation supported by the University of Bologna, funds for selected research topics.
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The coadjoint orbits of H are the planes ¢ = constant # 0 (regular orbits) and the points
(a, b, 0). One way of obtaining the Moyal—-Weyl product on R? is considering the Weyl map
or symmetrizer in the enveloping algebra of §,
Sym : Pol[h*] — U(h)
| )
X1Xp e Xp > oy Z Xoy - Xow
oSy

where x; are the coordinates on h* on the basis dual to {X;} in h. By multiplying
the commutation rules by a formal parameter 2 we obtain the following star product on

Pol[h*][[A]]:

f*g = Sym™' (Sym(/)Sym(g)). )
This star product is differential, so it can be extended to C*°(h*), it is tangential, so it can be
restricted to the orbits and it is algebraic, that is, it is closed (and convergent) on polynomials.

If instead of the Heisenberg group we take another group, say SU(2), we can define a star
productusing the symmetrizer as in (1). The resulting star product is algebraic and differential,
but it is not tangent to the coadjoint orbits, so it does not define a star product on them, in this
case the spheres.

Two different approaches can be taken at this point. One is to look for a differential star
product on the sphere in the spirit of [1-4]. The resulting star product is neither algebraic nor
appears related to the product on the enveloping algebra. The other approach insists on using
the product in the enveloping algebra. The consequence is that differentiability is lost. These
kinds of star products have been considered in [7—10] and, in particular, in [8, 9] it was proved
that a non-differential star product on coadjoint orbits of SU(2) corresponds to the standard
quantization of angular momentum. It then seems unavoidable to look for a wider class of
star products than the differentiable ones. In particular, one cannot immediately assume that
the canonical quantization given by Kontsevich’s theorem [1] is the one relevant for physics
in all cases.

The problem of existence and classification of algebraic star products on algebraic Poisson
varieties appears as a separate problem, mathematically interesting in itself, which has been
recently studied in [11]. From the physical point of view it is of interest since the algebra
of a physical quantum system may have a non-differential star product, as in the case of the
angular momentum and its standard quantization.

Our purpose here is to compare the deformations obtained by algebraic [8, 9] and
differential methods on regular coadjoint orbits of compact semisimple Lie groups. We
want to establish if there is some kind of equivalence among these different star products.
We work with a family of algebraic star products, not all isomorphic, and we relate them
to the differential star product given by Kontsevich’s theorem or Fedosov’s construction [4].
Our result is that one of the algebraic star products can be injected homomorphically into the
differential one.

The organization of the paper is as follows. In section 2 we recall known facts concerning
coadjoint orbits of a semisimple compact group G and its complexification G¢. In section 3
we introduce different star products on a fixed regular coadjoint orbit ® and on a tubular
neighbourhood of the orbit A'g, and we prove that two different star products on Ng, one
tangential x7 and one nontangential xgy; , are equivalent. In section 4 we show our main
result, that there is an injective homomorphism between an algebraic star product *pg and
a differential one 7@ on the orbit ®. The algebraic star product belongs to the family
constructed in [8], while the differential one is obtained by gluing tangential star products
defined on open sets of Mg, computed with Kontsevich’s formula [1]. In appendix A we give
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for completeness some standard definitions and results on star products and deformations.
In appendix B we give an explicit formula for the gluing of star products given in open sets
and satisfying a compatibility condition, in terms of a partition of unity.

2. Coadjoint orbits of semisimple Lie groups

Let G be a compact semisimple group of dimension n and rank m and g its Lie algebra. Let
g* be the dual of g. On C*(g*) we have the Kirillov Poisson structure:

(A1, 210 = ([df)a, (df2)a], A) Ji,2€C™(g) reg

(df), : g — R can be considered as an element of g, and [ , ] is the Lie bracket on g. Let
{X,...X,}beabasisof gand {x', ..., x"} the coordinates on g* in the dual basis. We have that
af1 9f>
1 _ k _k9J1 9J2
{fla f2}(-x a"'a'xn)_ 4 Cij'x 8xi axl
ijk
where cfj are the structure constants of g, thatis [X;, X;1 =), cfj X¢.
g* is an algebraic Poisson manifold since the ring of polynomials R[g*] is closed under
the Poisson bracket.
The Kirillov—Poisson structure is neither symplectic nor regular. The symplectic leaves

are the orbits of the coadjoint action of G on g*,
(Ad* ()2, Y) = (, Ad(g™)Y) VeeG iregt Yeg

We denote by ®, the orbit of an element A € g* under the coadjoint action.

Let G¢ be the complexification of G and gc its Lie algebra. Let ®,¢ be the coadjoint
orbit of A € g* in gi. under the action of G¢. ©;c is an algebraic variety defined over R and
("D)L = ®MC N g*

Let C[g*] be the ring of polynomials on g¢. We denote by Inv(gy) the subalgebra of
polynomials invariant under the coadjoint action. Itis generated by homogeneous polynomials,
pi, i = 1,...,m (Chevalley generators). We have that

Inv(g*) = Inv(gp) N R[g*].

If A is regular, the ideal of ®,¢ is given by [12], Zoc = (pi —c¢i,i = 1,...,m),¢c; € R,
and the polynomials on ®;¢ by C[®,c] = C[g*]/Zoc. For the real forms the ideal of ®; is
Zo = Zoc N R[g*], with the same generators as the complex one and R[®,] = R[g*]/Zy =
ClO;c] NR[g"].

3. Star products on a regular coadjoint orbit

In this section we will consider complex star products which are deformations of the
complexification of a real Poisson algebra. We want to describe different star products
[9] that will be compared later.

From now on we fix a regular coadjoint orbit ® in g*. We will consider g, the Lie algebra
over C[[]] obtained by multiplying the structure constants of gc by a formal parameter /. U,
is its enveloping algebra.

3.1. The star products xs and *sy,

It is well known that Uj is a formal deformation of C[g*]. In [1] it was shown that this
deformation is isomorphic to the star product canonically associated with the Kirillov—Poisson
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structure. Moreover, since the linear coordinates on g* are global, one can compute a star
product using Kontsevich’s universal formula.

The symmetrizer Sym (1) (that can be defined in the same way for any Lie algebra)
defines, through (2), a differential and algebraic star product on g* that we denote by x5. Any
other isomorphism that is the identity modulo / could be chosen in the place of Sym. All
the star products constructed in this way are equivalent to the one obtained with Kontsevich’s
explicit formula. All of them are algebraic and differential, but none of them is tangential to
all the orbits [13].

Since a differential star product tangential to all orbits cannot exist in the whole g* (see
appendix B), we have to look for a smaller space. We consider a regular orbit ® and a regularly
foliated neighbourhood of the orbit, a tubular neighbourhood Ny >~ © x R™, where the global
coordinates in R™ are the invariant polynomials p;, i = 1,...,m. Since g is differential,
it can be restricted to the open set Ng. We will denote that restriction by xsp;,. *sp;, 1S
a differential star product belonging to the canonical equivalence class associated with the
Kirillov Poisson structure restricted to Ng.

Since Np is a regular Poisson manifold, we know that a tangential star product (with
respect to the symplectic leaves) exists [6]. We want to prove that there exists a tangential star
product on Ng equivalent to *gy, -

3.2. The star products 7 and xr¢

We want to define a tangential star product 7 on Mg and its restriction x7¢g to the regular orbit
®. We will use the gluing of star products computed in appendix B in terms of a partition of
unity.

LetUd = {U,,r € J}, where J is a set of indices, be a good covering of Mg with Darboux
charts. The coordinates in an open set U, are

¢ U — R"  with
o= Oty p) = (). 60 R g
o, nf} =5 {67, pi} =0 {pi.nf}=0.
The invariant polynomials p; are global coordinates, so U, >~ U, x R™ and {(U s O, T ) Yey
is an atlas of ®, with {U,, (6,, ), r € J} being the symplectic charts.
We can now apply Kontsevich’s formula in a coordinate patch U,, using the Darboux

coordinates ¢,. We denote this star product by X . It is a tangential star product. If », denotes
the restriction of xgu;, to U,, then . and *,{{ are equivalent. We will denote by

R, : (CEUNIIA, #,) —> (CE U], %)

the isomorphism

R.(f *r 8) = R.(f) +X R.(g) R,:Id+2h”Rf.

i=1
In the intersection U,; = U, N Uy, one has that *:( and *f are equivalent as in (13) of
appendix B with
T.s =R, oR;". 3)
We have the following.

Proposition 3.1. Let Ng and U be the tubular neighbourhood of the orbit ® and the covering
of Ne defined above. Let Fs be the sheaf of star products defined by *sy,, and xX the star
product obtained via the Kontsevich formula in U, € U.
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The assignment
U > (C¥(U,), ) VU, eU

is a sheaf of star products isomorphic to Fs. There is a star product xr on Ng that is tangential
and gauge equivalent to xs, .

Proof. Itis necessary that the transition functions (3) satisfy the conditions (14) of appendix B,
so we have a sheaf of star products that we will denote by F7. The isomorphisms R, give the
isomorphism of sheaves among Fs and Fr.

Given a partition of unity subordinated to ¢/ one can use the method of appendix B to
constructa global star product. From the explicit formula (15), one can see that it is a tangential
star product. 0

The restriction of x7 to the orbit will be denoted by *7¢.

3.3. The star products xp and *pe

We want to define an algebraic star product xp on g* and its restriction to the orbit ®, the
algebraic star product xpg.
We consider the ideal in U,

L1:(Pj_Ci(h),i:1,...,m)

where P; = Sym(p;) and ¢; (h) € C[[h]] with ¢;(0) = c?. It has been proved in [8] that Uj, /Z;,
is a deformation quantization of C[®] = C[g*]/Zy where

Ioz(p,-—c?,i:l,...,m)

is the ideal of a regular orbit ®. Further properties of this deformation were studied in [9].
The generalization of this construction to nonregular orbits was done in [10].

A star product associated with this deformation can be constructed by giving a C[[A]]-
module isomorphism:

v : Clg*ll[All — Un

that maps the ideal Z; isomorphically onto Z;,. One way of choosing this map (but not
the only one) is by using the decomposition of C[g*] in terms of invariant and harmonic
polynomials [12]

Clg"] = Inv(gp) ® H.

The harmonic polynomials 7 are in one to one correspondence with C[®] and we have a

monomial basis B = {x,-l cooXi, (., ik) € I}, where I is some subset of indices such that

B is a basis of C[®] (see [8] for more details). We consider the following C[[/#]]-module

isomorphism:

v : Clg*l[[h]] — U,

(piv =) (i — ) ®x) -+ xj > (P = ciy (W) -+ (Py = ciu(W) © (X, -+ X)),
4)

with x;, - - - x; € B. ¥ defines an algebraic star product on C[g*][[/]], that we will denote by

*p. Since ¥ descends to the quotient, it also defines an algebraic star product on C[®][[/]]

and we will denote it by xpg. The case with ¢;(h) = c? was considered first in [7], where it
was shown that the star product is not differential.
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4. Comparison between xrg and xpg

In this section, we want to compare the differential star product x7¢ and the algebraic star
product xpg defined on a fixed regular coadjoint orbit ®. We want to show that there is an
injective algebra homomorphism

H : (C[OI[[A]], xpe) —> (CZ(O)[[h]lc, *re).

We will first show that there exists an injective algebra homomorphism

H : (Clg*]l[h]], xp) —> (C(No)llh]lc, *1) (%)
and then we will show that it descends appropriately to the quotients as an injective
homomorphism.

In order to compare the tangential star products xp on g* (algebraic, not differential) and
*x7 on Ng (differential, not algebraic) we will use the nontangential star product xs on g*
(algebraic and differential).

The algebraic star products xp and xg on g* are equivalent, since they define algebra
structures that are isomorphic to U,. The equivalence is realized by the C[[A]]-module
isomorphism:

n : (Clg®lllAll, *p) — (Clg*1[[]], *s)
n=Sym oy n(fxpg =n(f)*sn(g).
By the very definition (4)

fxppi=f-pi
so, since the p; are central, the ideal Z, = (p, — C; ) in C[g*][[h]] with respect to the
commutative product is equal to the ideal with respect to the product xp, Z;)"” ( pi — 0)*P

The generators of the ideal are mapped as

n(pi =) = Sym™" o y) (pi = ¢]) = Sym™ (P, = ¢;(h) = p; — ci(h)
so the ideal Z;" is mapped isomorphically by 1 onto the ideal with respect to the product *g,
C(h) = (pi — ci(h)).,. We note that in the case of xg, Z.(4), the ideal generated by p; — c; (h)

with respect to the commutative product does not coincide with I*Eh) Note also that one can
choose the c; (h) arbitrarily, provided that ¢; (0) = c0

Since g is d1fferent1al it is well defined on the whole C°°(g )[A]]lc. The commutative
ideal generated by p; — c on C*(g* )[[h]]c will be denoted by 7o. More generally, we can
define Zey = (pi — ci (h)) C Clg*A, Zeay = (pi — ci(h)) € C=(g*)[[h]lc. We have
that Zo C Zo and Zeny C Leqy-

Let us consider the restriction map

r: C¥(gH)llhllc — CTWo)llh]lc.

Since the commutative product and *g are both local, the restriction r is an algebra
homomorphism, between C*(g*)[[h]]lc and C*°(Np)[[h]]lc as commutative algebras, and
also between (C*(g*)[[]]c, *s) and (C*(Ne)[[h]]c, *sne)-

We consider the restriction of polynomials r(C[g*][[#]]). Since a polynomial is
determined by its values on any open set, we can identify, via r, (C[g*][[A]], xs) with a
subalgebra of (C®(Ne)[[h]]c, *snp)-

On C*®(Np)[[h]]c there is an equivalence among *sy;, and *r (proposition 3.1). We
denote it by

P (C¥Wo)lhlle, *sx) —> (CEWNe)lhlle, *r)
p(frs®) =p(N)+rpe)  p=ld+) " h
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where p, are bidifferential operators. We have given the injective homomorphism (5) by
H=poron.

We now want to show that H(Zy) = Jo, where Jy is the ideal with respect to x7 in
C>®(No)[[h]lc generated by p; — c?.

We want to find out how the generators p; — ¢;(h) are mapped under p. The scalars are
mapped into scalars, since the bidifferential operators involved in the star products xr and
*sx, are null on the constants, and so are the operators p,. We need to know p(p;).

Remark 4.1. Since p is an isomorphism of algebras and p; belongs to the centre of
(C®(N)[[h]], xs), p(p;) must also be in the centre of (C®°(Ng)[[A]], *r). A function
f in the centre of (C*°(Ng)[[h]], *x7) is a function depending only on the global coordinates
f(p1, ... pm), since the condition

frrg—g*r f=0 Vg € C™(No)
implies for the Poisson bracket

(g =0 VgeC Wo)

so {f, } is a null Hamiltonian vector field and in particular does not have components tangent
to the symplectic leaves.

Remark 4.2. The algebra homomorphism condition determines the form of p on the centre
in terms of p(p;) = p; +a;(p, h), where a; (p, h) = hz;(p, h). In fact, on the centre we have

. 9 9
JUeeeJm
p= Yl L
Jvedm ap{l 3]);1
a%+% =1 and the rest of coefficients are multiples of 4. In particular, the images of p; are

o(pi) = pi +al-1%(p, h) = p; +a;(p, h). Using the fact that 7 is tangential we have

f*rpi=f-pi VfeC*WNg)

the homomorphism condition reads

p (Pl bl ) = i+ (o +am)™.
The solution of this equation is
1

Ji-eedm J1

- gl.gh
al...m - Jl']m'al am' (6)
In particular, p is trivial on the centre if and only ifa; = --- =a,, = 0.

By remarks 4.1 and 4.2 we have that
H(pi — ) = p(pi — ci(h)) = pi +ai(p, ) — ¢;(h) = p;i — ¢] +h(zi(p, h) — Ai(h))
where we have denoted a;(p, h) = hz;(p,h) and c¢;(h) = c? + hA;(h). Since A;(h) is
arbitrary, we can choose it as
Ai(h) = zi(cf, h). )
It is not difficult to see that

zi(p.h) — Ai(h) =) bij (p — ) € r(Zo)
j=1
and we have

pi— &) +hzi(p, h) — Ai(h)) =Y (8 +hbij) (pi — ).

Jj=1
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The matrix (8;; + hb;;) is invertible, so the ideal generated by H(p,- — c?) in H(C[g*1[[~]])
coincides with the ideal generated by (p; — ¢{) in H(C[g*][[k]]). (For %7, the star ideal
coincides with the commutative ideal.)

In order to state the main result we need a lemma.

Lemma 4.1. Let Jy be the ideal in (H (C[g*][[h]]), xr) generated by (p,- — C?) and let Jy be
the ideal in (C*®°(Ng)[[h]], xr) generated by the same generators. Then

Jo N H (Clg 1[[R1]) = Jo.

Proof. Since the product x7 is tangential to the orbits the star ideals 7, and Jo coincide with
the ideals with respect to the commutative product, so we will limit ourselves to those.

One inclusion is obvious. For the other, let b = Zf‘;o b.h" € H(C[g*][[h]]). Assume
that

Hb)=Y fH(pi—<) ®)
i=1

where f1 =372 fih" € C®(No)[[h]]c are not unique. We need to prove that f’ can be
chosen in H(C[g*][[A]]). We will show that there exist ' = Y2, g.h" € C[g*][[h]] such
that b, = Y/~ q/(p: — c}). This will clearly be enough.

By induction on r. For r = 0, we look at the order O in % of the equation (8) (we recall
that H = Id mod(h)),

bo=_ fi (pi — ) € Clg*] € C*Wo)c-

It is not difficult to see that f; can be chosen in C[g*], so we set g, = fi.
We go to the general case. By the induction hypothesis, we assume that we have found
b, - - - gL, with
m
bo+bih+-+bh" =Y (qgh+qih+-+qh") (pi = ).
i=1

Then

H(b)— H(bo+bih+---+bh") =Y (f = H(gh+--+qlh") H(pi — )

i=1
SO

W H (b + bygh + ) = Wy ( = Y H, (q;)) H(pi —c)) mod(h™?).
i=l1 s+t=r+1

Since the ring C* (Ng)[[#]]c is torsion free we have

Hbyy+bph+--2) = Z (fri+] — Z H, (qi)) H(p,- — c?) mod(h).

i=1 s+t=r+1

Now if we look at the order O in &

b= (= X ) (=),

i=1 s+t=r+1
as in the r = 0 case, if we set
i i i
Gre1 = Jra — § : H; (q,)
s+t=r+1

it is not difficult to see that it can be chosen as a polynomial, which gives us the result. (|
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Proposition 4.1. Let © be a regular coadjoint orbit of a compact Lie group defined by the
constraints

pi—c? i=1,...,m.
There is an injective homomorphism between the algebraic deformation of C[®] defined by
Ui /Iy with I, generated by

P — ¢ +hA(h)

and the differential deformation of C*°(®)c (C*®(®)[[h]]lc, xre), which is obtained via the
Kontsevich formula (see section 3.2 for more details), provided the constants A;(h) are chosen
asin (7).

Proof. H is an algebra isomorphism onto its image. We have the commutative diagram
Clg*][h]] = H(Clg*|[[A]) C C*Wo)llhlle
l?‘[ l TH
ClOI[[A]] 5 H(Clg*|[[A1)/H (o) € C*(©)[[h]lc

The last inclusion follows from lemma 4.1. O

Remark 4.3. We want to note that the ideal Z;, used in the previous proposition is not, in
general, the ideal used in geometric quantization. In fact, for SU(2) it was shown in [8] that
the latter is generated by

_h

=5

(P is the Casimir of s1(2)). But according to remark 4.2, (6) the ideal has either ¢; (h) = c? or
A'(h) is an infinite series in / (an exponential). Then we have a contradiction.

P—I(+h) h
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Appendix A

In this appendix we want to give some standard definitions on deformations and star products
that have been used throughout the text.

Definition Al. Let (A, {, }) be a Poisson algebra over R. We say that the associative algebra
Apny over R[[h]] is a formal deformation of A if

1. there exists an isomorphism of R[[h]]-modules ¥ : A[[h]] — Ay,
2.9 (fi f2) = v (f)Y(f)mod(h), Vfi, fo € Al[h]];

YDV L) — vV () = hy({ L ) modh?), Vi, f2 € Allhll, f; = f°
mod(h),i =1, 2.

If Ac is the complexification of a real Poisson algebra A we can give the definition of
formal deformation of Ac by replacing R with C in the above definition.
The associative product in .A[[/]] defined by

fre=v'W()¥(@)  f geAlhl ©)
is called the star product on A[[h]] induced by V.
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A star product on A[[/]] can also be defined as an associative R[[/]]-linear product given
by the formula

fxg=fg+Bi(f,h+By(f, 9h*+--- € Al[h]] figeA

where the B; are bilinear operators. By associativity of x one has that {f, g} = Bi(f, g§) —
Bi(g, f). So this definition is a special case of the previous one where A;, = A[[h]] and * is
induced by ¥ = 1d.

Two star products on A[[A]], * and %" are said to be equivalent (or gauge equivalent) if
there exists 7 = Z@o h"T,, with T, linear operators on A[[A]], To = Id such that

frg=T N Tf+Tg).

If A C C®(M) and the operators B; are bidifferential operators we say that the star
product is differential. If in addition A = C*°(M) and M is a real Poisson manifold, we will
say that « is a differential star product on M.

In [1] Kontsevich classifies differential star products on a manifold M up to gauge
equivalence.

Theorem A1l (Kontsevich [1]). The set of gauge equivalence classes of differential star
products on a smooth manifold M can be naturally identified with the set of equivalence
classes of Poisson structures depending formally on h,

o = hay +hon + -

modulo the action of the group of formal paths in the diffeomorphism group of M, starting at
the identity isomorphism.

In particular, for a given Poisson structure «¢;, we have the equivalence class of differential
star products associated with ho;. We will say that this is the equivalence class of star products
canonically associated with the Poisson structure o .

Also, an explicit universal formula to compute the bidifferential operators of the star
product associated with any formal Poisson structure is given in [1] in the case of an arbitrary
Poisson structure on flat space R". The formula depends on the coordinates chosen, but it was
also proved in [1] that the star products constructed with different choices of coordinates are
gauge equivalent.

Let Ac = C[MCc] be the coordinate ring of the complex algebraic affine variety M¢
defined over R whose real points are a real algebraic Poisson variety M. If the B; are bilinear
algebraic operators we will say that x is an algebraic star product on M.

An example of great interest to us, of such M, is given by the dual g* of the Lie algebra
of a compact semisimple Lie group (see section 2).

The classification of algebraic star products is still an open problem [11].

Definition A2. Let N be a submanifold of the Poisson manifold M and let xy; be a star product
on M. We say that %y is tangential to N if for f, g € C*°(N)

f*N & =der (F*y G)|n with f=F|v g=Gly
is a well-defined star product on N, that is, if

(F—F)Iyn=(G—=G)|y=0 then Fxy Gly=F x4y G|y  (10)
for F,F',G,G" € C®(M).

The same definition works for algebraic Poisson varieties, replacing the algebra of C*
functions with the algebra of polynomials on the varieties.
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Given a Poisson manifold M, one can ask if there exists a differential star product on M,
that is tangential to all the leaves of the symplectic foliation. For regular manifolds a positive
answer was found in [6]. For M = g* foliated in coadjoint orbits, it was found in [13] that
there is an obstruction to the existence. In particular, for a semisimple Lie algebra g* it is not
possible to find a differential star product on g* which is tangential to all coadjoint orbits.

Appendix B

In this appendix, we want to give an explicit formula on how to construct a global star product
starting from the star products defined on open sets of a manifold and satisfying certain
conditions (see below). We will refer to this procedure as gluing of star products, and it will
be used in section 3.

Let » be a differential star product on a manifold M. Since the operators B; that define
are local, there are well defined star products x;; on every open set U of M. We have a sheaf
of algebras S:

SU) = (C=WI[A]], *v) (1)

which we will call a sheaf of star products.
Let M be a Poisson manifold and fix an open cover Y = {U, },<; where J is some set of
indices. Assume that in each U, there is a differential star product

2 CZ(U)[A @ C*(UH)IR]] — C=(U)IIAI]
This defines a collection of sheaves of star products
Fr(Ve) = (CZ(V)IIAIL *r) V. C U (12)

It is a general fact in theory of sheaves that if there are isomorphisms of sheaves in the
intersections

Tsr : fr(Urs) — fS(USr) Url»»»rk = Url n---N Urk

(13)
Tsr(f) *s Tsr(g) = Tsr(f * g)
such that the following conditions are satisfied
. T,=T," on Uy,
(14)
2. Tis0Ty =T, on U,

then there exists a global sheaf F on M isomorphic to the local sheaves ¥, on each U,.
If the sheaves of star products (12) satisfy the conditions (14) with

T, =1d mod(h)

then we have a global sheaf of star products on M. The algebra of the global sections is
C°°(M)[[h]] together with a star product that we will call the gluing of local star products.
We want to write an explicit formula for the star product of global sections.

We denote U"'"* = U,, U...UU,. Let us first consider the gluing on two open sets,
say U; and U,, with non-trivial intersection. Let ¢; : U; — R, ¢, : U, — R be a partition of
unity of U'2,

¢1(x) + $o(x) = 1 Vx e U™ supp(¢) C U,

Let f, € C*®U,)[[h]] such that f; = T f, in U,. One can define an element
f e C®WU™)[[h]] by f = ¢1f1 + P2 fo. On the intersection U}, one has

f=o1fi+ o fi = (Pild+ ¢ Thy) fi = A fi.
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Note that the operator Ay; = Id + O(h) is invertible. On U'? we can define the star product

(f] *1 g])(x) ifxEU]—U]z
frg =142 (A5 ()= A3 (9) @) if x € U (135)
(f2 %2 g2)(x) ifx € Uy — Up.

It is easy to check that the star product is smooth.
One can do the gluing interchanging U; and U,. One has that on Ui,

f=dfitrfr=@iTo+¢ld) fi =Anf.
A1, 18 also invertible and
Ay = ATy

provided Tjp = Tz_ll. One can construct a star product on U'? using the same procedure as
in (15). It is easy to check that both star products are identical.

The procedure in (15) can be generalized to an arbitrary number of open sets. Let
¢; : U; — Rbe apartition of unity of M subordinate to the covering/. We define f € C*(M)

£=> 61 where  f, =T, f;.
reJ

On U,, f becomes

f: ¢I‘Id+Z¢STSI‘ frZArﬁ‘-

The star product on U, is defined as

frg=A (AT (N * AT () (16)
Using conditions (14) one has
ArTrt = At~

Then, the star products (16) on each U, coincide in the intersections, so they define a unique
star product on M. The restriction of this star product to U, is equivalent to .. Also, using
different partitions of unity one obtains equivalent star products.
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